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Algebraic Analysis and Applications

D-Modules and Holonomic Functions
Linear PDEs in Algebra
The Weyl algebra D = C[x1, . . . , xn]〈∂1, . . . , ∂n〉 is the free algebra over C generated by
x1, . . . , xn, ∂1, . . . , ∂n, modulo the following relations. All generators commute except of xi and ∂i.
The non-commutativity is determined by Leibniz’ rule from calculus: [∂i, xi] = ∂ixi − xi∂i = 1. The
Weyl algebra gathers linear differential operators with polynomial coefficients. Many function
spaces are left D-modules in a natural way, among them: algebraic, smooth, or holomorphic func-
tions, formal power series, and complex-valued distributions. The degree of a differential operator
P =

∑
α,β∈Nn cα,βx

α∂βx ∈ D is deg(P ) = max {|β| | cα,β 6= 0} . Its initial—or principal symbol—is

in(0,1) (P ) =
∑

|β|=deg(P )

cα,βx
αξβ ∈ C[x1, . . . , xn, ξ1, . . . , ξn].

The initial ideal in(0,1)(I) = 〈in(0,1)(P ) | P ∈ I〉 of a left D-ideal I is an ideal in a commutative ring and
I is holonomic if this ideal is n-dimensional. A function f(x1, . . . , xn) is holonomic if its annihilating
ideal AnnD(f) = {P ∈ D | P • f = 0} is a holonomic ideal, i.e., if f fulfills a sufficiently large system
of linear PDEs. In a similar vein as representing an algebraic number as a root of a polynomial,
a holonomic function is represented by its annihilating D-ideal. Examples of holonomic functions
include algebraic functions, hypergeometric functions, some probability distributions, and periods.

Encoding linear PDEs as D-ideals allows for the use of tools from Algebraic Geometry and Gröb-
ner basis techniques to study solutions to those PDEs.

Holonomic Gradient Method
The holonomic gradient method is a scheme for the numerical evaluation of holonomic func-
tions. The holonomic gradient descent—a minimization method building on the holonomic gradient
method—was successfully applied to several probability distributions, for instance to the Fisher dis-
tribution on rotation groups. Another example is the cumulative distribution function of the largest
eigenvalue of a Wishart matrix. It is closely related to the hypergeometric function 1F1 of a matrix
argument, which is annihilated by Muirhead’s D-ideal. The said methods works only outside the
singular locus of this D-ideal, which is the hyperplane arrangement

A =

{
n∏
i=1

xi
∏
k 6=j

(xk − xj)

}
⊆ Cn.

Data Analysis via Maximum Likelihood Estimation
Bernstein–Sato Theory, Likelihood Geometry, and Tropical Geometry have a common intersection!
Having fixed a statistical model, the Maximum Likelihood Estimation problem is to find the param-
eters that best explain an observed outcome. Encoding the model as a very affine variety, the
likelihood degree is the number of critical points of the likelihood function for a general data vector.
The case of maximum likelihood degree one is particularly desirable. In this case, the maximum
likelihood estimate is unique and given as a rational map Ψ from the data space to the model.

Example. Flip a biased coin. If it shows head, flip it again.
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Figure: Staged tree modeling the discrete statistical experiment

If x is the probability for head, the triple F = (x2, x(1 − x), 1 − x) parametrizes the model. The
Bernstein–Sato ideal BF of F is generated by

∏3
k=1(2s0 + s1 + k) ·

∏2
`=1(s1 + s2 + `). The smooth

curveM = V (p0p2− (p0 + p1)p1) in P2 is the implicitization of the model. The primitive generators of
the rays in the tropical variety ofM\{p0p1p2(p0+p1+p2) = 0} are (2, 1, 0), (0, 1, 1), and (−2,−2,−1).
If (s0, s1, s2) is the count of outcomes of the repeated experiment, the maximum likelihood estimate is

Ψ(s0, s1, s2) =

(
(2s0 + s1)

2

(2s0 + 2s1 + s2)
2 ,

(2s0 + s1) (s1 + s2)

(2s0 + 2s1 + s2)
2 ,

s1 + s2
2s0 + 2s1 + 2

)
.

Observe that the occurring linear factors can be recovered both by BF and by the tropical variety.

You would like to ask or discuss something? Don’t hesitate to knock at this office door!
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